Abstract. We show that regular structures governed by an equation of state (EOS) or density variation such that the density at the surface does not vanish together with pressure (also known as self-bound regular structures) can not exist in the state of hydrostatic equilibrium. The only configuration which could exist in this regard is governed by homogeneous density distribution. Other structures which can fulfill the requirement set up by exterior Schwarzschild solution (and, therefore, can exist in hydrostatic equilibrium) would always be governed by a singular solution (that is, the pressure and density both become infinity at the centre), and in this sense can not be considered regular.
Introduction
The interior Schwarzschild solution (homogeneous density solution) of Einstein's field equations provides two very important features towards obtaining configurations in hydrostatic equilibrium, compatible with general relativity, namely -(i) It gives an absolute upper limit on compactness ratio, u(≡ M/R, mass to size ratio of the entire configuration in geometrized units) ≤ (4/9) for any regular (positive finite density at the origin which decreases monotonically outwards) static configuration in hydrostatic equilibrium (Buchdahl 1959) , and (ii) For an assigned value of the compactness parameter, u, the minimum central pressure, P 0 , corresponds to the homogeneous density solution (see, e.g., Weinberge 1972) . Recently, by using the property (ii) of homogeneous density sphere as mentioned above, we have obtained a 'compatibility criterion for hydrostatic equilibrium'. The important feature of this criterion is that it connects the compactness ratio, u, of any configuration [including both regular as well as singular (pressure and density both become infinity at the centre (which is the only feature, distinguish them with those of the regular solutions), but their central ratio turn out to be finite)] with the corresponding ratio of central pressure to central energy-density σ[≡ (P 0 /E 0 )]. The criterion states that in order to have compatibility with the state of hydrostatic equilibrium, for a given value of σ, the Send offprint requests to: P. S. Negi ⋆ Just to show the usage of the elements in the author field compactness ratio, u, of any configuration should always remain less than or equal to the compactness ratio of the homogeneous density sphere for same σ (Negi & Durgapal 2001) . Various regular exact solutions and equations of state (EOSs) for static and spherically symmetric mass, available in the literature, can be divided, in general, into two categories:
(1) The exact solutions and EOSs corresponding to the density variation such that the density at the surface vanishes together with pressure (and so called the gravitationally-bound structures), and (2) The exact solutions and EOSs corresponding to the density variation such that the density does not terminate together with pressure at the surface of the configuration (and so called the self-bound structures).
The exact solutions in the first category include Tolman's type VII solution with vanishing surface density (Tolman 1939; Negi & Durgapal 1996; 1999; and references therein) , and Buchdahl's "gaseous" model (Buchdahl 1967) , whereas the EOSs in this category include the well known polytropic EOSs (Tooper 1964; 1965) . The exact solutions in the second category are represented by Tolman's type IV solution (Tolman 1939) , the solution independently obtained by Adlar (1974) , Kuchowicz (1975) , and Adams & Cohen (1975) , and Durgapal & Fuloria (1985) solution etc, and the well known example of EOS in this category is characterized by the stiffest EOS (see, e. g., Brecher & Caporaso 1976; Haensel and Zdunik 1989) (dP/dE) = 1 (in geometrized units). Haensel and Zdunik (1989) have shown that the only EOS which can describe a submillisecond pulsar and the static mass of 1.442M ⊙ simultaneously, corresponds to the said stiffest EOS, however, they emphasized that this EOS represents an 'abnormal' state of matter in the sense that pressure vanishes at densities of the order of nuclear density or even higher (Lee 1975 ).
An examination of the 'compatibility criterion' on some well known exact solutions and equations of state (EOS) indicated that this criterion, in fact, is fulfilled only by gravitationally-bound structures. On the other hand, it is seen that the EOSs or analytic solutions, corresponding the 'self-bound' state of matter, in fact, do not fulfill this criterion (Negi & Durgapal 2001) . We have shown this inconsistency particularly for this inconsistency particularly for the EOS, (dP/dE) = 1 (as it represents the most successful EOS to obtain the various extreme characteristics of neutron stars as mentioned above), and the analytic solution put forward by Durgapal & Fuloria (1985) which fulfills various properties for physically realistic structure (Knutsen 1989) .
The reason behind non-fulfillment of the 'compatibility criterion' by various self-bound regular EOSs and exact solutions could be resolved, if we carefully analyze the boundary conditions put forward by exterior Schwarzschild solution at the surface. In the present we will show that these boundary conditions, in fact, can not be fulfilled by the configurations corresponding to a regular self-bound state of matter.
Field equations and TOV equations
For a spherically symmetric and static line element
[ν and λ are functions of r alone] the resulting field equations are
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where the primes represent differentiation with respect to r. P and E represent, respectively, the pressure and energy-density inside the perfect fluid sphere related with the non-vanishing components of the energy-momentum tensor, T j i = 0, 1, 2, and 3 respectively. Eqs. (2) - (4) represent second-order, coupled differential equations which can be written in the form of first-order, coupled differential equations, namely, TOV equations (Tolman 1939; Oppenheimer & Volkoff 1939) governing hydrostatic equilibrium in general relativity
and
where prime denotes differentiation with respect to r, and m(r) is the mass-energy contained within the radius 'r ′ , that is
The equation connecting metric parameter λ with m(r) is given by
For e λ to become positive finite at the centre (0 ≤ e −λ ≤ 1), the constant K must be zero. Thus, the above equation yields
The three field equations (or TOV equations) mentioned above, involve four variables, namely, P, E, ν, and λ. Thus, in order to obtain a solution of these equations, one more equation is needed [which may be assumed as a relation between P , and E [Equation of State (EOS)], or can be regarded as an algebraic relation connecting one of the four variables with the radial coordinate r (or an algebraic relation between the parameters)]. For obtaining an exact solution, the later approach is employed.
Notice that Eq. (10) yields the metric coefficient e λ for the assumed energy-density, E, as a function of radial distance 'r'. Once the metric coefficient e λ or mass m(r) is defined for assumed energy-density by using Eqs. (10) or (8), the pressure, P , and the metric coefficient, e ν , can be obtained by solving Eqs. (5) and (6) respectively which yield two constants of integration. These constants should be obtained from the following boundary conditions, in order to have a proper solution of the field equations:
3. Boundary Conditions: The hydrostatic equilibrium for mass distribution
In order to maintain hydrostatic equilibrium throughout the configuration, the pressure must vanish at the surface of the configuration, that is
where 'R ′ is the radius of the configuration. The consequence of Eq. (11) ensures the continuity of ν ′ , and, therefore, that of the metric parameter e ν , belonging to the interior solution with the corresponding expression for well known exterior Schwarzschild solution at the surface of the fluid configuration, that is:
is the total mass of the configuration]. However, the matching of the metric parameter, e λ , at the surface of the configuration (which is guaranteed by the exterior Schwarzschild solution), e −λ(r=R) = 1 − (2M/R), is possible only under the following two conditions:
(1) The density, E, of the configuration should also vanish together with pressure at the surface of the configuration (this would ensure the matching of λ ′ at the surface, and, therefore, also that of the metric parameter λ)
and, (2) The metric parameter, e λ , as obtained by Eq. (10) for an assigned density variation, should attain its normal value [e −λ = (1 − 2u)] automatically at the surface of the configuration, if the surface density does not vanish together with pressure [that is, E(R) = 0].
So that one could assure the well known relation
at the surface of the configuration, for both of the cases, namely -(i) the surface density vanishes together with pressure, and (ii) the surface density does not vanish together with pressure. Or, in other words, the discontinuity of density at the surface is allowed only under one condition, that is, the metric parameter e λ , corresponding to the interior solution, should reduce it-self to the the normal value [(1−2u)] at the surface, as prescribed by exterior Schwarzschild solution, in order to have the condition of hydrostatic equilibrium.
Thus, we can define the boundary conditions, put forward by exterior Schwarzschild solution at the surface, in two different categories:
(B1) For gravitationally-bound structures the boundary conditions become
and, (B2) For self-bound structures the actual meaning of boundary conditions follow
so that we should have
at the surface of the configuration. Where u[≡ (M/R), total mass to size ratio] is the 'compactness ratio' of the configuration as defined earlier, and M is defined as [Eq. (8) 
Now, consider the case of regular self-bound structures: The most smooth possible variation of density inside any regular configuration can not be other than the constant (homogeneous) density, whereas the fastest possible variation is density is well known and represented by the inverse square density variation [E ∝ (1/r
2 )]. It follows, therefore, that any possible regular self-bound configuration, characterized by an EOS or, density as a function of radial co-ordinate, can be generalized in the following form
where C is the constant of proportionality, a is a positive arbitrary constant to make the density positive finite at the centre, and the constant b is allowed to take any value in the interval 0 ≤ b ≤ 2. Eq. (20) represents a self-bound regular density distribution, the density at the centre is positive finite, decreases monotonically from centre to the outer region, and it would remain finite non-zero if one assumes that pressure vanishes at some finite radius. Thus, by using these central and surface conditions in Eq. (20), we get
where the subscript '0' represents the values of the corresponding quantities at the centre, R is the radius of the configuration, and E R is the surface density at which pressure vanishes. Substituting Eq. (20) into Eq. (8), we get the mass contained within the radial co-ordinate 'r ′ for the assigned density variation as
where I r is given by
The substitution of Eq. (23) into Eq. (10), yields the metric parameter, e λ , for the assigned density variation [Eq. (20) ] as
where C is defined by Eqs. (21) and (22) respectively, and I r given by Eq. (24). Eq. (25) gives e λ at the surface of the configuration as
where I R is given by
The condition of regularity requires that
Substituting the values of E R and E 0 from Eqs. (21) and (22) into Eq. (28), we get
For this value of b(= 0), Eqs. (21) and (22) give the relation
The substitution of Eqs. (30) and (31) into Eq. (25) gives the metric parameter e λ as
which reduces at the surface of the configuration automatically to the value prescribed by exterior Schwarzschild solution
where < E > is the (constant) density throughout of the configuration given by [see, Eq. (19)]
(B) Now, the condition of inequality in Eq (28) [that is, (r
For these values of b [Eq. (35)], we get from Eqs. (21) and (22)
For Eqs. (35) and (36), the value of e λ at the surface of the configuration is obtained as
The right-hand side of Eq. (37) can not attain the normal value, 1 − (2M/R), prescribed by the exterior Schwarzschild solution, because of the presence of the term containing arbitrary constant 'a'. Note that the constant C which has already been defined by Eq. (36), can not be eliminated from Eq. (37) by using Eqs. (19) and (20) respectively, for an assigned non-zero value of 'a', because the boundary condition given by Eq. (17) does not exist for E(R) = 0 [or, in other words, because of unavailability of the boundary condition given by Eq. (17), the additional constant 'a' can not be determined]. If, however, we set a = 0 in Eq. (37) we get e λ at the surface of the structure as [by using Eq. (21) for C, because Eq. (22) gives
or,
which is the normal value required by exterior Schwarzschild solution at the surface. In this equation, < E > represents the 'average density' of the structure given by
Notice that for gravitationally-bound structures [E(R) = 0], Eq. (21) yields no information about C, however, Eq. (15) in this case provides an appropriate boundary condition, required to normalize the metric parameter e λ at the surface for an additional constant 'a'.
Results and conclusions
Thus, based upon the discussion under (A) and (B) above, we see that the self-bound regular structure corresponding to a finite density at the centre can not exist, because they can not fulfill the requirement set up by exterior Schwarzschild solution at the surface (mentioned under the category of boundary conditions (B2) above). This finding is consistent with the results obtained by using the 'compatibility criterion' (Negi & Durgapal 2001) . Furthermore, we find that the only self-bound regular structure which can exist in the state of hydrostatic equilibrium is described by the homogeneous density throughout the configuration. And, the self-bound structures which could exist in the state of hydrostatic equilibrium would always correspond to singularities at the centre (because pressure and density both become infinity at r = 0).
However, we can construct regular self-bound configurations composed of core-envelope models (e. g., by using a regular core inside a self-bound singular solution to remove singularities from the centre), such that the necessary conditions imposed by the Schwarzschild's exterior solution at the surface of the configuration are appropriately satisfied. But, it should be noted that the necessary conditions satisfied by such core-envelope models at the surface of the configuration may not always turn out to be sufficient for describing the state of hydrostatic equilibrium [because for an assigned value of σ(≡ P 0 /E 0 ≡ ratio of central pressure to central density), the average density of such configurations may not always turn out to be less than or equal to the density of the homogeneous density sphere for the same mass (Negi & Durgapal 2002; Negi 2002] . However, the criterion obtained in Negi and Durgapal (2001) could provide a necessary and sufficient condition for any regular configuration to be consistent with the state of hydrostatic equilibrium as indicated by Negi & Durgapal (2002), and Negi (2002) . Future studies based upon the aforesaid criterion could decide the status of two-density self-bound regular structures in general relativity. [In this connection it should be noted here that there exist various EOSs for self-bound matter in the literature and the present finding does not role out all of them, because an EOS could behave like a two-density distribution (core-envelope model), depending upon the density range considered for a particular region (i. e.., the core and envelope regions respectively), however, as mentioned above, the criterion (Negi and Durgapal 2001) could decide the status of such EOSs in the state of hydrostatic equilibrium ].
